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A lattice kinetic Monte Carlo (LKMC) model for vacancy diffusion and aggregation in crystalline silicon at elevated
temperature is developed and analyzed in detail by comparing predicted cluster aggregation, thermodynamics, structures and
diffusivities with properties obtained from molecular dynamics (MD) simulations. The lattice KMC model is based on a long-
range bond-counting scheme in which the bond energies are determined by regression to a single non-equilibrium MD
simulation of vacancy aggregation. It is shown that the resulting KMC model is able to capture important high temperature
entropic contributions by coarse-graining off-lattice relaxations around defect clusters.
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1. Introduction

The kinetic Monte Carlo (KMC) method is ideally suited
for the simulation of atomic diffusion and aggregation in
crystalline materials such as semiconductors and metals.
KMC essentially coarse-grains the details of atomic
vibration that severely limit the scope of molecular
dynamics (MD) simulations while retaining atomistic
resolution. In crystalline systems, the presence of a lattice
naturally suggests the application of on-lattice KMC
(LKMC), which can be a particularly efficient variant of
KMC [1,2]. In LKMC, the domain is discretized onto a
fixed lattice on which mobile particles can hop and
interact. The increased efficiency of LKMC relative to
continuous space implementations arises from reductions
in the available spatial degrees of freedom and in the
number of different possible processes that can occur at
any one time.

The principal drawback of LKMC is that mechanistic
and rate information must be supplied externally [3]. This
is in contrast to MD simulation that only requires the
specification of an interatomic force field. The required
inputs for LKMC simulations are rates for the various
allowable events, typically diffusion, reaction and
clustering. There are several approaches for specifying
the rate process database in a LKMC simulation [4—8].
These include: (1) full enumeration of all possible
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transitions; (2) specifying a fixed set of possible events;
(3) using the change in the number of bonds between
species on neighboring lattice sites that result from a
transition; and (4) “on-the-fly” using a potential energy
function to find barriers out of a given configuration. The
rates for the different possible events are usually
calculated within the context of transition-state theory
(TST) [9,10]. In this approach, the rate of a particular
transition is computed by identifying the dividing surface
in the potential energy landscape between an initial and a
final state and then analyzing the crossings across this
surface. Additional approximations within the framework
of TST can be made to further simplify the evaluation of
rates. The most common of these is the harmonic
approximation in which the overall rate is decomposed
into a temperature independent energy barrier and a
preexponential factor. The latter can be computed using a
harmonic normal mode analysis at the initial and saddle
point configurations [11,12] but is often assumed to be a
single constant for all processes during a simulation.

The KMC method (lattice or otherwise) is particularly
attractive at low temperatures where thermally activated
processes are slow and therefore each particle move
represents a long time increment. For example, KMC
simulations of atomic diffusion and aggregation on
metallic surfaces can span times of seconds and longer
at temperatures below 300 K [13]. Under these conditions,
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the underlying picture that the diffusion and aggregation
proceed as a sequence of uncorrelated rare-events that take
place on lattice sites also becomes more accurate.
Moreover, MD simulation is extremely inefficient at low
temperatures making alternative simulation approaches
necessary for studying dynamical phenomena.

On the other hand, much of the processing of crystalline
semiconductors and metals occurs at elevated tempera-
ture. While KMC becomes less efficient at higher
temperatures, it is still a valuable tool that allows for a
much broader atomistic picture than any MD simulation.
In this paper, we analyze in detail a lattice KMC model for
vacancy aggregation in crystalline silicon at elevated
temperature. Vacancy aggregation in silicon is a valuable
prototypical model for solid-state diffusion, nucleation
and growth because it is commercially important and has
been studied extensively with experiments [14,15] and
continuum models [16—18], offering many opportunities
for model validation. Finally, several accurate empirical
interatomic potentials are readily available for modeling
defect evolution in silicon [19-21].

High temperature vacancy aggregation in silicon is
characterized by several features that make lattice KMC
modeling challenging. The first is that vacancy—vacancy
interactions are relatively long-ranged, extending up to the
8th neighbor shell [22,23]. This feature greatly increases
the number of different processes that can exist and
necessitates the formulation of a compact model for
describing all the possibilities. A second characteristic of
the vacancy-in-silicon system that is especially important
to consider in the context of LKMC simulation is its quasi-
continuous nature. Here, the term quasi-continuous is used
to describe the fact that although the system is coarsely
characterized by the tetrahedral silicon lattice, vacancy
cluster configurations at high temperature become
increasingly characterized by off-lattice relaxations.
These relaxations lead to significant effects on both the
kinetics and thermodynamics of the aggregation process
and must somehow be accounted for.

In a previous paper [24], we presented a methodology
for using data generated by a single non-equilibrium MD
simulation to tune, using regression, a KMC bonding
model for vacancy aggregation at high temperature. We
demonstrated how various features of the bonding model,
such as interaction range and shielding, are required to
capture quantitatively the evolution dynamics. In the
present work, we analyze this MD-regressed KMC model
in detail by comparing its predictions for various cluster
properties, such as diffusivities, structures and formation
thermodynamics, to values obtained from independent
MD simulations. We also analyze a related LKMC model
parameterized entirely using lattice structures.

2. Lattice KMC model for vacancy aggregation

The details of the LKMC algorithm employed in this work
have been presented elsewhere [24] and here we provide

only a brief summary. The simulation system is initialized
by placing a number of vacancies onto a cubic lattice
subject to periodic boundaries. A matrix containing the
rates for all possible hops from the initial configuration is
initialized. The individual rates are grouped into event
types according to value and a standard binary-tree search
algorithm is used to pick an event type based on its total
contribution to the overall rate. Once an event type is
selected, a particular particle is randomly chosen to
execute the event (from the appropriate subset of
particles). Once the selected event is executed, the local
configuration and the rate database for vacancies that are
within interaction range of the hopping vacancy are
updated. After each event, the simulation time is updated
using Ar= — (InU)/P, where U is a uniform random
number, U € [0,1] and P is the current sum of all possible
rates. The algorithm is repeated until the required time
is reached.

A bond-counting approach is used to specify the rates of
each possible vacancy hop. The model is a generalization
of the model developed by La Magna et al. [25] and now
includes interactions up to the 8th nearest-neighbor (§NN)
distance [24]. An important feature of this model was the
inclusion of a “screening” effect that effectively shields
some of the vacancy—vacancy interactions. For example,
2nd nearest neighbor (2NN) interactions were shielded
(i.e. deactivated) if the shared 1st nearest-neighbor (1NN)
site was occupied by a vacancy. The addition of bond-
screening changes the overall cluster energy scaling and
accounts for the fact that the energy of formation for a
cavity arises solely from the dangling bonds of lattice
atoms at its surface [26]—the vacancy—vacancy “bond” is
simply a convenient construct that allows mapping of the
overall system onto the vacancy positions.

Examples of vacancy—vacancy bonds for a variety of
configurations are shown in figure 1. For any given
vacancy pair within interaction distance, the interaction is
screened if there exist one or more vacancies that are

3E) 2E) + E2 E} +2E}

Figure 1. Examples of bonding for various cluster configurations
aligned along the (110) crystallographic direction. First row: dimer
configurations, second row: trimer configurations, third row: tetramer
configurations. Shaded spheres represent vacancies, empty spheres
represent lattice atoms. Solid lines indicate active interactions, dashed
lines indicate screened interactions. Note that only atoms along a single
(110) direction are shown.
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Figure 2. Two-dimensional representation of screening volume
between two vacancies (gray circles). Any occupied lattice sites (small
white circles) within large circle lead to screening of the interaction
between the two vacancies.

closer to both than they are to each other. The screening
volume around two particles is determined by constructing
a sphere so that the particles lie on its circumference and
are connected by a diameter as shown schematically in
figure 2. The interaction between the two vacancies shown
is screened if there are one or more vacancies in the
sphere.

2.1 Rate estimation framework

Energy barriers for all possible vacancy hops are
computed using an approximate compact formulation
within the TST framework given by [27]

AE o = 0.5 X (Efinal — Eini) + AEhop- (D

where Eg,, and E;,;, are the energies of the configurations
after and before a given hop, respectively, and AE},, is the
energy barrier for a single, isolated vacancy jump.
The energy barrier for any transition can be expressed
explicitly in terms of the vacancy—vacancy bond
energies by

NN
AE; = max (O7 AEhop —05X% Z [ANBJEJIJ> s 2)

J=1

where AE; is the energy barrier for event i, NN is the
maximum interaction shell, ANB; is the bond count
change due to a hop associated with interaction range j and
E) is the corresponding bond energy. Note that all barriers
are positive; if the energy difference between the initial
and final states is negative and larger in magnitude than
AEp,p, no energy barrier exists for the hop. The rate of an
event i is then simply given by an Arrhenius expression

of the form

—AE;
=1 eXP( kT ) 3

where r; is the rate for event i, v is a system-wide attempt
frequency, kp is the Boltzmann constant and 7 is the
simulation temperature.

3. Results and discussion

The vacancy—vacancy bond energies were determined
using two different approaches that will be discussed
separately in the following sections. In both cases, the
basic elements of the KMC model described above are the
same—the only difference is in how the bond energies in
equation (2) are computed. In the first case, which we
denote as the lattice-cluster KMC model, the bond
energies are determined by considering various on-lattice
cluster structures. In the second approach, leading to the
MD-regressed KMC model, the bond energies are
determined by regression of the KMC evolution profiles
to MD generated data. The performance of both models
was investigated by comparison to non-equilibrium large-
scale MD simulations.

3.1 Lattice-cluster KMC model

Here, a fully on-lattice picture is used in which the bond
energies are obtained by considering an ensemble of on-
lattice configurations for some selected cluster sizes.
On-lattice connected configurations (i.e. every vacancy
was within the 8NN shell of at least one other vacancy)
were generated randomly. Each configuration first was
relaxed with conjugate gradient energy minimization
(based on the environment dependent interatomic
potential (EDIP) for silicon [19]) and then its formation
energy was computed by reference to a perfect crystal
system containing the same number of atoms [28]. The
energy minimization procedure captures the potential
energy surface predicted by the EDIP potential in the
neighborhood of each on-lattice configuration. About
60,000 configurations were generated and relaxed. This
data was then used to regress the eight bond energies
{E},E2, ... E}} according to the relationship

NN
Ei(n)=323n—Y "% [NBE]], )

n =1

where NB; is the number of vacancy—vacancy bonds of
type i associated with n vacancies. The first term in
equation (4) represents the formation energy for n single
isolated vacancies.

As shown in figure 3, the bond-energy model is able to
reproduce almost exactly the formation energy of all
configurations for several different cluster sizes ranging
from 6 to 18. Note that screening physics discussed earlier
were taken into account during bond energy regression.
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Figure 3. Formation energies for approx. 60,000 relaxed on-lattice
configurations for several different cluster sizes ranging from 6 to 18
computed with: (a) energy minimization (solid line); and (b) KMC bond
model fit (circles). Configurations are sorted in order of increasing
formation energy. Note that only a small fraction of the KMC bond model
fit data is shown for clarity.

The attempt frequency, vy, in equation (3) and the single
isolated vacancy migration barrier, AEhop, were deter-
mined on the basis of MD simulation of single vacancy
diffusion at 1600K. These values were taken to be
9.5 x 10"s™ " and 0.3 eV, respectively.

The validity of the lattice-cluster KMC model was
evaluated by direct comparison to MD predictions for the
following non-equilibrium simulation: A total of 1000
equidistant single vacancies were introduced into a
periodic cubic silicon crystal containing 216,000 lattice
sites at 1600 K and zero pressure. The NVT ensemble MD
simulations were performed using the empirical EDIP
potential [19]. Velocity rescaling [29] was used for
temperature control and the system was propagated with
the Gear 5th order predictor—corrector algorithm. The
highly super-saturated system was allowed to evolve for
about 4ns, corresponding to about 5 X 10° time steps.
The vacancy cluster size distribution was periodically
computed using the approach described in Ref. [23].

A comparison between the lattice-cluster KMC model
and MD results for several components of the vacancy
cluster size distribution is shown in figure 4. Both
individual components (monomer (X;) and dimer (X)
numbers) as well as moment measures are used in the
comparison. Moments of the size distribution are defined
as M, = > s"X,, where X; is the number of clusters of
size s and n is the moment order. The lattice-cluster KMC
model clearly under-predicts the aggregation dynamics.
The bond energies in the lattice-cluster KMC model are
such that clusters of all sizes are predicted to be tightly
bound and therefore almost immobile. Under these
conditions, the primary mechanism for further cluster
growth is Oswald ripening, which proceeds by the
exchange of single vacancies between immobile clusters.

102
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Figure 4. Comparison of MD and lattice-cluster KMC model
predictions for the vacancy cluster size evolution. Evolution profiles
are symbols for MD, solid line for KMC: X;—monomer (open squares);
X,—dimer (open circles); M,—average cluster size (solid circles); M7;—
seventh-order moment (solid gradients).

3.2 MD-regressed KMC model

In this model, the KMC vacancy—vacancy bond energies
and the overall attempt frequency, vy, are determined by
regression to the MD evolution data shown in figure 5.
Both monomer (X;) and dimer (X,) numbers and several
distribution moments (M, M», M3, M5 and M) are used in
the regression to ensure that all cluster sizes contribute to
the regressed KMC bond energies, while at the same time
maintaining statistical quality in the MD data. An
excellent representation of the MD dynamics is now
shown in figure 5 for both the individual component and
moment metrics.

Interestingly, the regressed value of the overall attempt
frequency, vy, is such that the predicted single isolated

102

LLLLLL B L L IR B

10-M 10710 10-°
Time (s)

100

Figure 5. Comparison of MD and MD-regressed KMC model
predictions for the vacancy cluster size evolution. Evolution profiles
are symbols for MD, solid line for KMC: X;—monomer (open squares);
X,—dimer (open circles); My—number of clusters (solid diamonds);
My—average cluster size (solid circles); M3;—third-order moment (solid
deltas); Ms—fifth-order moment (solid squares); M;—seventh-order
moment (solid gradients).
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Figure 6. Comparison of cluster diffusivities predicted by: (a) MD-
regressed KMC model (solid circles); (b) lattice-cluster KMC model
(diamonds); and (c) MD (squares). Line is a power-law fit to the MD data
for cluster size =2.

vacancy diffusivity, given by Dy, = 1j2ump vy eXp(—AEpop/
kgT) where 1, is the jump length (INN), is in excellent
agreement with the MD value. This is not the case when
the regression is repeated using KMC models with shorter
ranged interactions. As the vacancy—vacancy interaction
range is shortened, the predicted cluster structures become
more compact and therefore less mobile and the regressed
value of 1w, increases to compensate, leading to an
overestimate for the single vacancy diffusivity. In fact,
even truncating the interaction at the 7th nearest-neighbor
distance increases the regressed single vacancy diffusivity
to about 25% above the MD value. At the shortest
interaction range possible (nearest-neighbors) the
regressed vacancy diffusivity is almost 250% larger than
the MD value. Further discussion of this effect is provided
in Ref. [24].

A comparison of the KMC predicted cluster diffusiv-
ities and the MD calculated values for several different
cluster sizes is shown in figure 6. The MD-regressed KMC
model is able to capture the correct cluster diffusion
behavior, while the lattice-cluster model severely under-
predicts the mobility of clusters. Note that in the latter
case, the correct single vacancy diffusivity is ensured

because v, was fixed to reproduce it but in the former this
agreement is a direct result of the regression process.

It is instructive also to consider the equilibrium cluster
morphologies predicted by the two KMC models in relation
to the MD structures. Shown in figure 7 are 35-vacancy
cluster configurations following long equilibrations with
the lattice-cluster and MD-regressed KMC models. In both
cases, the initial configuration was taken to be the perfect
octahedral structure, which is the energetic ground state.
While the lattice-cluster model predicts a largely intact
compact structure, the MD-regressed KMC model leads to
a highly extended, loosely bound structure. As demon-
strated above, the latter structure is much more mobile
because it is able to reconfigure through a sequence of low
energy barrier processes, which collectively lead to center-
of-mass motion. Also shown in figure 7(c) is a structure
predicted by direct EDIP MD simulation of a 35-vacancy
cluster at 1600 K. In this case, it is somewhat difficult to
identify the exact vacancy positions because of the
extensive off-lattice nature of the atoms. The “vacancies”
shown in figure 7(c) correspond to the 35 lattice sites that
are furthest away from atom coordinates following
energy minimization. Clearly, the MD-regressed KMC
model cluster configurations are more consistent with
the MD structure than the lattice-cluster KMC one.
This comparison can be enhanced using an order-
parameter to further characterize the structures of the
clusters in figure 7. A structural parameter, defined as

[ — _ )2 :
Tap = \/ > i j=i (ri = rj)7, was introduced to measure the

total distance between vacancy pairs in each cluster.

For the structures in figure 7(a—c), we obtained rg’g’p =118,
152 and 167 A, further demonstrating the significant
expansion associated with both the MD and MD-
regressed KMC clusters, relative to the lattice-cluster

KMC structure.

3.3 The impact of cluster configurational entropy

The large discrepancies in the cluster structures,
diffusivities and aggregation dynamics predicted by the
two KMC models can be explained on the basis of cluster
configurational entropy. We have recently shown that the
high temperature properties of atomic clusters in silicon

(a)

(b)

(©

Figure 7. Comparison of cluster morphologies predicted by: (a) lattice-cluster model; (b) MD-regressed model; and (c) MD simulation.
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Figure 8. Density-of-states (DOS) (open symbols) and probability distribution functions (PDF) (filled symbols) for: (a) on-lattice; and (b) continuous

space representations of the six-vacancy cluster.

are dominated by the presence of an extremely large
number of mechanically stable off-lattice configurations
[28] that cannot be captured explicitly by a lattice model.
This point is illustrated in figure 8(a) and (b), which show
the equilibrium probability distribution (PDF) and the
absolute density-of-states (DOS) functions for the
formation energy of the six-vacancy cluster, calculated
in two different ways. As defined here, the absolute DOS
represents the number of distinct configurations that
possess a given formation energy.

In figure 8(a), the DOS is computed using an on-lattice
Wang-Landau Monte Carlo approach [30] which is
described in detail in Ref. [28]. Briefly, a sequence of on-
lattice configurations are generated and locally relaxed by
energy minimization. Each configuration is generated by
moving a single vacancy to another lattice site while retaining
the cluster connectivity; i.e. only configurations correspond-
ing to a bound cluster are considered. The Wang—Landau MC
move acceptance criterion is based on the relative values of the
DOS function before and after each proposed move. The
formation energies of the visited configurations are
histogrammed to create a converged DOS function, g(AE),
from which the PDF, p(AE), can be computed as

Svin(AE
P(AE) = g(AE) exp(— BAE) exp (%) ©)

The last term in equation (5) represents the contribution
of the vibrational entropy to the PDF; more extended
configurations tend to introduce additional vibrational
states and therefore have higher vibrational entropy. Thus,
the probability of finding the six-vacancy cluster in a
configuration with formation energy AFE at temperature 7,
depends on the Boltzmann weighted number of distinct
configurations with that energy and the average vibrational
entropy of configurations with that formation energy.

Two important points can be noted in figure 8(a). The
first is that the DOS function attains a maximum value

of almost 10° at AE = 19eV, demonstrating the large
number of distinct configurations present even in the six-
vacancy case. The second is that in spite of this large
number, the PDF indicates that the most likely
configuration is still the energetic ground state (at
9.6eV). The energetic ground state for the six-vacancy
cluster is a well-studied hexagonal ring-like structure
[26,31] that has been shown to be extremely stable and
in fact the entropic contribution due to both vibrational
and (on-lattice) configurational degrees-of-freedom are
not sufficient to alter the ground state even at temperatures
close to the melting point.

In the second approach, the PDF was derived by evolving a
system containing a six-vacancy cluster with EDIP MD at
1600K and quenching the coordinates periodically to
calculate the formation energy of the current configuration
to create a histogram. The DOS was then computed from the
PDF using equation (5). Clearly, the DOS for this case, shown
in figure 8(b), indicates that the number of degenerate
configurations present at each energy level is much higher
than for the on-lattice case shown in figure 8(a). Moreover,
there is now a much higher density of possible energy levels.
The total number of configurations now available leads to a
very large configurational entropic contribution to the total
free energy and shifts the maximum in the PDF to some
intermediate value (about 11.8eV) which corresponds to
extended, disordered cluster structures of the type shown
in figure 7(b) and (c). The source of these additional
configurations is the large number of possible significant
lattice rearrangements around a vacancy cluster, which cannot
be captured by static relaxation in the neighborhood of an on-
lattice configuration. In other words, the potential energy
surface around a vacancy cluster is extremely rugged and
consists of numerous distinct local minima. Additional details
regarding this aspect can be found in Ref. [28].

The DOS and PDF functions in figure 8 provide an
explanation for the failure of the lattice-cluster KMC model.
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High temperature clusters are strongly influenced by the
presence of a large number of off-lattice mechanically stable
configurations. Thus, any rate database constructed on the
basis of transitions between on-lattice configurations will not
provide an accurate picture. The MD-regression KMC model,
while still an on-lattice representation, accounts for the correct
thermodynamics through effective bond “free energies” that
implicitly include the entropic contributions from the off-
lattice configurations. In some sense, each cluster in this
model is a representative structure for many neighboring
distinct off-lattice configurations. In the same vein, the KMC
bonding model embodied in equation (2), along with the
regressed bond “free energies” can be regarded as a “lattice-
potential” for vacancy clusters in silicon that correctly
captures the entropic contribution of the missing degrees-of-
freedom. Unfortunately, because of the implicit temperature
dependence of the PDF in figure 8(b), the lattice potential is
only valid at the regression temperature, 1600 K. In previous
continuum modeling work, we have shown that these entropic
effects and their resulting impact on high-temperature
vacancy cluster properties have profound impacts on the
predicted cluster size distribution, leading to much better
agreement with experimental measurements in commercial
silicon wafers [18].

3.4 Improving the database for MD-regressed KMC
models

The MD evolution data shown in figures 4 and 5 are limited
to very small timescales (several ns) and atomic processes
that occur on slower timescales are not transmitted to the
KMC rate parameters. The high temperature used in
the present work mitigates some of these limitations for the
specific case of vacancy aggregation but increasing the
scope of the data that is used to parameterize the KMC
model should generally increase the chances for a robust
description. Moreover, the data contained in figures 4 and 5
is highly non-equilibrium in nature because of the high
degree of supersaturation needed to achieve aggregation
within the short MD timescale.

To better understand how the MD database used to
regress the KMC parameters can be improved it is
instructive to consider a mean-field description of a
generic aggregation process, which can be described by a
series of aggregation and fragmentation processes, i.e.

F(ij) F(i+j,D
it ']B(i,i) i+j + lB(i+j,l) i+j+1s ( )
where
dx;, 1 .. ..
dr Ei;k [FDXiX; = BG, )Xo

[F(k, DX X; — Bk, DXy1i). (D)
1

o0

l§

In equation (7), the forward, F(i, j) and backward, B(i, j),
kernels are given by

F(@,j) ~ (D; + D))
2 N
cap cap _ i+j—(i+)
X(rl- +7; ) exp( —kBT >7 (8)
and
F(i, ) XX

eq
Xi+j

B(i,j) = )
The preceding expressions indicate that an aggregation
process is generally a function of three key ingredients:
(1) cluster diffusivities; (2) cluster structures; and (3) cluster
equilibrium concentrations (for dissolution). The highly
non-equilibrium process used to parameterize the KMC
model in figure 5 is strongly driven in the forward direction
and therefore depends only weakly on the cluster
equilibrium concentrations. However, it is strongly
dependent on the cluster effective sizes and diffusivities.
As shown previously in figure 6, the cluster diffusivities
are indeed captured accurately by the regression process.
The question we now address is whether the other
properties are captured in any meaningful manner.

A more detailed analysis of the predicted cluster
structures is presented in figure 9, which shows a comparison
of the vacancy density distributions in a 35-vacancy cluster
predicted by the MD-regressed KMC model and MD
simulation. The density distribution, p(r), is defined as the
number of vacancies per shell divided by the volume of the
shell, averaged over many cluster configurations.
The distributions shown in figure 9 are binned into
intervals of width 0.1 of the nearest-neighbor distance.
Notably, the density profiles match closely in the region of
the tail (/o = 2). This agreement is expected because the
density distribution in this region sets the overall capture
volume of the cluster. However, the density profile in

0.1

0.08

0.06

p(r)

0.04

0.02

ol T N T T N N N
0 1 2 3
Radius (r/c)

Figure 9. Averaged vacancy density profiles for a 35-vacancy cluster:
(a) MD simulation (squares); (b) MD-regressed KMC simulation
(circles). o = 2.0951 A is the interatomic potential length scale.
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the cluster interior is qualitatively poor. While the MD
cluster is characterized by a dense core surrounded by a
diffuse halo, the KMC cluster density is almost evenly
distributed throughout the radius of the cluster. This
discrepancy arises because the MD evolution data provides
information on the effective cluster size and not on the
internal structure of cluster. Static relaxation (energy
minimization) shows that the MD structures are much
lower in energy than the KMC ones even though they have
comparable capture volumes. It is therefore reasonable to
expect that including data of the type shown in figure 9 into
the database could further refine the overall accuracy of the
KMC model.

Finally, it should also be noted that in the present case,
all clusters are approximately spherical and the issue of
cluster internal density distribution is not important for
predicting the correct dynamics. In fact, it is not clear
whether a one-to-one correspondence is meaningful given
that, as mentioned earlier, each on-lattice cluster
configuration in the present model is a representative
structure for an ensemble of off-lattice structures. On the
other hand, it is expected that in cases where the cluster
shapes and capture zones are not spherical, structural
information would be required in the MD database. This
issue will be addressed in future work.

The thermodynamic properties of the clusters predicted
by the MD-regressed KMC model were probed using a
sequence of runs in which 50 vacancies were allowed to
approach equilibrium in systems of various sizes ranging
from 13,824 to 46,656,000 sites. The KMC equilibrium
cluster size distributions for 20 KMC systems each with
50 vacancies are shown in figure 10. The equilibrium
distributions in each system were obtained by monitoring
the size distribution until system equilibration and then

Cluster
Number

Cluster Size

0.24
0.14
0.08
0.05

System Size (107

Figure 10. The equilibrium cluster size distribution for 50 vacancies as
a function of system size from MD-regressed KMC simulations.

collecting up to 50,000 distribution samples for averaging.
The sample interval was 2000 vacancy hops. The
transition from a clustered configuration to an unclustered
one can be clearly seen at a system size of about 3 X 10°.

The total free energy of a closed lattice containing a
fixed number of vacancies, Ny, is given by

Nmax Nmax N N
G=0G X,AG; — kgT X;Ini+—In(=2
o+ 306ty {ximi+ ()

Ny Ny
- [— - Xi:| In [— - Xi:| - XilnXi}a (10)
i i

subject to the constraint that

Ninax

> iXi = N, (1)

where G is a reference free energy, defined here as the
free energy of a perfect lattice with the same total number
of lattice sites, N,. X; is the number of clusters containing
i vacancies and Np.x( = N is the maximum possible
cluster size. Equation (11) is the vacancy conservation
statement for the closed system. The second term on the
left-hand side of equation (10) represents the total internal
free energy of formation for all clusters in the system,
which includes enthalpy and internal cluster vibrational
and configurational entropy, i.e.

AG; = (AE;) — T{(AS; viv) — TS cont- (12)

In equation (12), the angular brackets reflect the fact that
each cluster can assume an ensemble of configurations as
discussed in the previous section. The last summation in
equation (10) gives the translational entropy of the system
and reflects the number of ways that an ensemble of clusters
of different sizes can be arranged within the lattice. It is
important to distinguish the translational entropy from the
internal configurational entropy of each cluster; the latter
reflects the number of configurations that a cluster can
attain per lattice site.

At equilibrium, the total free energy of the system is
minimized subject to the constraint that the total number
of vacancies is fixed. Generally, the cluster free energies of
formation are known and the equilibrium concentrations
can be determined based on this condition. In the present
case, the equilibrium distribution is known and the cluster
free energies are the unknowns. An optimization problem
can be formulated by defining an augmented free energy
function as

Ninax Nmax N N
G=G, X;,AG; — kgT X;Ini+—1In( =2
o+ 3206ty i+ ()

1
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Figure 11. Comparison of cluster free energies of formation from MD-
regressed KMC simulations (circles) and MD data (squares).

where the last term represents the vacancy number
constraint and A is a Lagrange multiplier. At equilibrium,
the derivatives of the augmented free energy with respect
to the number of each cluster size are equal to zero and are
given by

G N, —iX;
— L= AG;—kgTIn—— " iy =
ax, [Gi—kpTIn—=2—=+ir=0,

i i

i=1,2,...,Nmax- (14)

This is equivalent to the statement that for each possible
reaction in the system, e.g. V;+V;—V, or
Vi+Vo— Vs, Y vipi =0 where w=09G/0X; is the
chemical potential and w; are the stoichiometric coeffi-
cients. The set of equations in equation (14) provide
relationships between system size, cluster size distribution
and cluster formation free energies. Note that 8@/ aA=0
simply returns the constraint and is automatically satisfied
by the KMC distribution data.

The cluster free energies of formation were computed
using equation (14) and the data in figure 10 for all system
sizes. The cluster free energies of formation are shown in
figure 11 and appear to scale linearly with cluster size,
although slight deviations are present for very small
clusters. Also shown in figure 11 are the free energies of
formation as computed by MD in previous work, which
scale as n?°. The difference in the scaling behavior
highlights the fact that the thermodynamic picture
captured by the KMC model is not correct. Once again,
this is not unexpected because very little thermodynamic
information was present in the strongly non-equilibrium
MD data shown in figures 4 and 5. Practically, this implies
that a near-equilibrium KMC simulation using the current
model would not provide accurate results. It remains to be
seen whether the existing bond-counting model can
simultaneously capture the correct cluster microstructure,

thermodynamics and diffusivities; this will be addressed
in future work which will be aimed at designing optimal
MD databases for regressing KMC models.

4. Conclusions

A Dbond-counting on-lattice KMC model for vacancy
diffusion and aggregation in silicon at elevated tempera-
ture was generated by regression to MD-generated data.
In the present study, the MD database was built using a
single large-scale non-equilibrium simulation in which
1000 vacancies were allowed to diffuse and cluster in a
216,000-1attice site system at 1600 K and zero pressure for
about 4 ns. Various measures of the transient cluster size
distribution were used to tune the KMC model.

The MD-regressed KMC model was shown to provide
an excellent representation of vacancy -clustering
dynamics. The model was analyzed by comparing
the predicted cluster diffusivities, structures and thermo-
dynamics to values computed by independent MD
simulations. Both cluster diffusivities and effective
capture volumes were captured well by the KMC model
even though these were not explicitly considered during
the regression. On the other hand, the microscopic
distribution of vacancies within the cluster interiors and
the cluster thermodynamic properties were not well
captured by the KMC model because the non-equilibrium
MD simulation data used in this study is not sensitive to
them. Note that the formation thermodynamics of clusters
as a function of size is only important for equilibrium and
near-equilibrium simulations. Future work will be aimed
at expanding the MD database used to tune the KMC
model parameters to determine whether a more direct
connection between KMC and MD can be made.

This investigation also highlighted a general difficulty
encountered in performing lattice KMC simulations at
elevated temperature. At higher temperatures, atomic clusters
in crystals are strongly influenced by off-lattice configurations
that cannot be explicitly captured in lattice models. The
present work provides an avenue for coarse-graining these
configurations onto a lattice framework in a way that captures
the effect of configurational entropy, while retaining the
computational advantages of a lattice-based method.
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